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Abstract. Using the lattice gas model and the transition-type-dependent Monte Carlo method,
we calculated the chemical surface diffusion coefficients on a stepped surface. We assume
that the step exerts an attraction or repulsion on adsorbed particles (adparticles) that occupy
the up or down step sites, but no interactions between adparticles. Two kinds of activation
energy, calculated from the harmonic potential and from the difference between the saddle-
point and single-site energy, are used in our calculation. The calculated results show that
perpendicular diffusion decreases greatly with increase in step repulsion and attraction at all
coverages. However, for diffusion parallel to the steps, completely different results are obtained
for these two calculation methods. If the energy barrier is calculated by the harmonic potential,
diffusion parallel to the steps is both coverage and step independent. If the energy barrier
is calculated by the second method, diffusion parallel to the steps is greatly enhanced with
increase in the step repulsion and attraction at middle or high coverages but decreases slightly
at low coverages. The calculated results explain the chemical diffusion anisotropy on a stepped
surface. The results also show that the popular harmonic potential method may be not suitable
for explaining the experiments where diffusion along step edges may be more rapid than on a
flat surface.

1. Introduction

The diffusion of adsorbed atoms or molecules on a solid surface plays an important role in
many surface phenomena such as film and crystal growth, heterogeneous catalysis, corrosion,
etc [1, 2]. In previous work, most emphasis has been on the perfect surface. As is well
known, even single-crystal surfaces are never perfectly flat but contain surface steps, which
could affect adsorption [3]. Hence, it is very important to study diffusion on an imperfect
surface, especially on a stepped surface.

A variety of experimental techniques are used to examine stepped-surface diffusion. In
most studies the field emission fluctuation method [4–6] as well as field ion microscopy
[7–9] were used. All these workers found that diffusion on stepped surfaces has anisotropy,
and diffusion along the steps generally is greater than the diffusion through the steps, i.e.
diffusion is greatly affected by the steps.

Theoretical stepped diffusion studies employ a wide variety of techniques, including the
embedded-atom method [10, 11] and the lattice gas (LG) model [12–16]. From such studies
it is evident that particle processes on both the up-side and down-side steps play a key role
in the detailed understanding of stepped surface diffusion.
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The LG model is applicable to many problems of surface diffusion. In general, it is too
complicated for exact mathematical solution of master equation, but rather easy to ‘solve’ it
by Monte Carlo (MC) simulation, which requires a modest amount of computer resources.
The information obtained from MC–LG modelling is enormously useful in providing some
insight into the complicated mechanism of surface diffusion.

In the MC–LG model, the self-diffusion coefficientD∗, which is also called the tracer
diffusion coefficient, is calculated from the mean square displacement of a tracer particle at
zero coverage in the usual way [17].

D∗ = lim
t→∞(〈r2(t)〉/4t) (1)

where〈r2(t)〉 is the mean square displacement of theith particle at timet from its initial
position at time 0. The response of an adsorber layer to a gradient in chemical potential,
most often simply a concentration (coverage) gradient, gives via Fick’s law a chemical
diffusion coefficientD (sometimes called a collective diffusion coefficient). EstimationD

in the course of a MC simulation of LGs is not so simple as estimating a tracer diffusion
coefficient [18].

Recently, using the fluctuation method and Kubo–Green method, Uebing and Gomer
[12–16] have studied the diffusion coefficient on stepped surfaces. Using the Kubo–Green
method, the tracer diffusion coefficientD∗ was calculated first; then they calculated the
chemical diffusion coefficientD from the relation [12–14, 16]

D

D∗ = 〈N〉
〈(δN)2〉 . (2)

From [19], we know that this equation is obtained under the assumption that there is no
cross correlation between the velocities of different adsorbed particles (adparticles). Their
work also showed that the fluctuation and the Kubo–Green methods give identicalD-values,
even in ordered regions of the phase diagram [15, 16].

Recently, we have proposed a new calculation method in real time using MC simulation
and developed a special technique of computation to attain faster convergence [20]. The
algorithm is so efficient that the computation difficulties due to ‘noise’ inherent in the
data have been overcome (e.g. in our recent work [21] to determine the efficiency of this
algorithm). These developments enable us to calculate the chemical diffusion coefficient
directly from Fick’s law, but not an approximate relation. For simplification we called this
method the transition-type-dependent Monte Carlo (TTDMC) method.

The aim of this paper is to study chemical diffusion on a stepped surface via the
TTDMC method. We assumed that the step exerts attraction or repulsion on adparticles,
but no interactions between adparticles.

Some work has been carried out on the case in which there is adparticle–adparticle
interaction, and the results will be reported elsewhere.

2. Method

The TTDMC [20] simulation, based on a LG model, was performed for a two-dimensional
square lattice, with periodic boundary conditions in one direction (sayy) and with a stable
concentration gradient in the other direction (sayx). Lx × Ly with Lx = 72 andLy = 30
were used in these calculations. (The results for 100× 50 are almost the same as those for
72× 30). Steps are assumed to consist of two adjacent lattice rows, one on the up side and
the other on the down side of a lattice step. Adjacent steps are separated by two terrace
rows. So there are 18 step groups (one step group including an up-side step, a down-side
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step and two terraces) in the square lattice. Descending a step requires a jump from an
up-side to a down-side step site and vice versa.

By setting some initial adparticle concentration gradients (e.g. linearly), a stable gradient
is assumed to be established if the total number of adparticles in the system and the adparticle
current of diffusion fluctuate about an average value. Generally speaking, smooth average
concentration curves (versusLx) will be obtained after (2–4) × 107 TTDMC simulations
and it will take about 10–20 CPU h on our 486/DX4-S computer.

We account for differences between the down-side and up-side step rows by adding (or
subtracting) extra adsorption energiesEu

BS and Ed
BS for adparticles on step rows. In this

paper, we assumed thatEu
BS = Ed

BS = EBS [15].
The binding energy of a typical adparticle to the surface is given by

Eij =


E0

b + EBS (down-side step rows)

E0
b − EBS (up-side step rows)

E0
b (terrace rows)

(3)

whereEBS is the stepped attractive energy or repulsive energy. The binding energy of an
isolated adparticle to the substrate is given byE0

b .
Generally speaking, there are two methods for calculating the activation barrier. One

method is from the intersection point of harmonic potential wells centred on adjacent sites,
which is defined as [22]

Em = Eij,kl = E0
m + (Eij − Ekl)/2 + (Eij − Ekl)

2/16E0
m (4)

where (i, j ) and (k, l) refer to the initial and final sites; the migration barrier for an isolated
adparticle is given byE0

m. The other method is to calculate the energy difference between
the saddle-point energyE0 and single-site energy of the initial siteEij [15]:

Em = Eij − E0 (5)

whereE0 is a constant which represents the binding energy of adparticles at a saddle point
and will not be influenced by the steps.

Pictorial representations of these barrier models are shown in figure 1.
We shall discuss the influence of these two different barriers on surface diffusion in

detail in section 3 and section 4. In our LG model, migration is allowed only to vacant
nearest-neighbour sites [23].

The average concentration on theLx th column is given by

C(Lx) =
( ∑

i

nLx
τi

/ ∑
i

τi

)
1

30a2
(6)

whereτi is the real time interval of theith TTDMC cycle,nLx is the number of adparticles
in the Lx th column at that time, anda is the nearest-neighbour distance. The particle
currents are obtained by the total particles entering the column ofLx = 72 divided by the
total real-time interval1t and 30a. 1t is calculated from [20]

1t =
∑

τi =
∑

τ 0
i /M

τ 0
i = 1

ν
exp

(
Em

kBT

)
(7)

whereM is the total number of possible transition types,Em is the energy barrier for the
ith transition type and

∑
represents the sum over all jumps. ThenD is obtained from the

particle current divided by the negative gradient of concentration:

D = − J

dC/dx
= − N

(dC/dx)s1t
(8)
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Figure 1. Schematic drawings of the two barrier models: (a) model for diffusion barrier
described by equation (4); (b) model for diffusion barrier described by equation (5).

whereN is the total number of particles across the plane with areas (perpendicular tox) in
the time interval1t , andC is calculated from equation (6). The advantage of this technique
is that, from the profile of the particle concentration, not only the average but alsoD as
functions of concentration (or coverage) are obtained.

3. Results for activation energy calculated from equation (4)

3.1. Coverage of the step and terrace rows

In order to discuss the chemical diffusion it is important to understand the population of the
step and terrace. Because there is no interaction between particles, the difference in energy is
mainly caused by the repulsion and attraction energy of the step. From equation (3) we know
that the binding energy decreases in the order of down-side step, terrace and up-side steps.

Figures 2(a), 2(b), 2(c) and 2(d) show representative equilibrium distributions of
diffusion adparticles forEBS/kBT = 1, EBS/kBT = 2, EBS/kBT = 3 andEBS/kBT = 4.
The results in figure 2 show that the population of the up-side step greatly decreases and
the population of the down-side step is enhanced with increase inEBS/kBT .

The average coverage of a step group is given by

〈θ〉 = θu + θd + θnu + θnd

4
(9)

whereθu, θd , θnu andθnd are the coverages of the up-side step row, the down-side step row,
the terrace row of the near-up-side step, and the terrace row of the near-down-side step,
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Figure 2. Representative equilibrium distributions of diffusing adparticles nearθ = 0.5 for
(a) EBS/kBT = 1, (b) EBS/kBT = 2, (c) EBS/kBT = 3 and (d) EBS/kBT = 4.

respectively.
Figure 3 shows the relationships between the average coverage〈θ〉 andθu, θd , θnu and

θnd . The results show that the coverage decreases in the order of down-side step, terrace
and up-side step, just as the binding energy. The difference between the coverage on the
up-side and down-side step increases with increase inEBS/kBT while the coverage of the
terrace is near〈θ〉. Because of the absence of interaction between the particles, the binding
energy of this site is independent of the number of particles around this site. Hence there
is little difference between the coverage on the row near the up-side step and the coverage
on the row near the down-side step on the terrace.

The row coverages given in figure 3 are also easily calculated from the Fermi statistics
[15]:

ln

[
θd

1 − θd

1 − θt

θt

]
= EBS

kBT
(10)

ln

[
θu

1 − θu

1 − θt

θt

]
= −EBS

kBT
(11)

where we assume thatθt = θnu ≈ θnd . The results of MC simulation are in good agreement
with the theoretical results.
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Figure 3. Row coverageθ versus step average coverage〈θ〉 for (a) EBS/kBT = 1,
(b) EBS/kBT = 2, (c) EBS/kBT = 3 and (d) EBS/kBT = 4: ◦ , down-side step coverage;
�, up-side step coverage;M, row adjacent to step, near the up-side step;�, row adjacent to step,
near the down-side step. The average coverage is calculated from equation (9). The solid lines
are calculated from equations (10) and (11).

3.2. Chemical diffusion coefficient

Now we turn to the relationship between chemical diffusion and theEBS/kBT . Our
calculated results for the average diffusion coefficientD/Dl and diffusion coefficients for
〈θ〉 = 0.2. 0.5, 0.8 are shown in figures 4(a), 4(b), 4(c) and 4(d), respectively, in whichDl

is the low coverage limit (no steps). Obviously the presence of step repulsion and attraction
is of great importance to the chemical diffusion. The results show that the chemical diffusion
coefficient (D⊥) which is perpendicular to the step decreases with increase inEBS/kBT . By
the action of the step repulsion and attraction, the binding energy of adparticles in down-side
rows increases and that in up-side rows decreases. It is clear from equation (4) that the
energy barrier for the jump of adparticles from a down-side to an up-side site increases by
more than the amountEBS . With increase inEBS/kBT , the jump from a down-side to an
up-side site becomes the control process for perpendicular diffusion. The largerEBS/kBT ,
the smallerD⊥ is, as shown in figure 4. The chemical diffusion coefficient (D‖) parallel
to the step is almost independent ofEBS/kBT . This is identical with the work by Kutner
[24]. In the limit θ → 0, D‖ is equal toDl .
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Figure 4. Calculated chemical diffusion coefficients (a) D/Dl and (b)–(d) D/Dl (◦ , D⊥;
�, D‖) as functions ofEBS/kBT : (a) average; (b) 〈θ〉 = 0.2; (c) 〈θ〉 = 0.5; (d) 〈θ〉 = 0.8. The
activation energyEm is calculated from equation (4).

Figure 5. Chemical diffusion coefficientsD‖/Dl versus coverageθ : curve a,EBS/kBT = 1;
curve b,EBS/kBT = 2. The activation energyEm is calculated from equation (4).
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Figure 6. Chemical diffusion coefficientD⊥/Dl versus average coverageθ : curve a,
EBS/kBT = 1; curve b,EBS/kBT = 2; curve c,EBS/kBT = 3; curve d,EBS/kBT = 4. The
activation energyEm is calculated from equation (4).

Figures 5 and 6 show the chemical diffusion coefficientsD‖/Dl and D⊥/Dl ,
respectively, with differentEBS/kBT as functions of coverage. Because theD‖ curves
are too close to each other, only the curves forEBS/kBT = 1 andEBS/kBT = 2 are shown
in figure 5, curves a and b, respectively.

The jumps of adparticles in the same row are responsible for diffusion parallel to the
steps. We have already assumed that there is no interaction between adparticles; so from
equation (3) we know thatEij andEkl add or subtractEBS at the same time in the same row
and, when we calculate the activation energyEm from equation (4), the activation barrier
Em is constant in this case. SoD‖ is almost the same as the chemical diffusion coefficient
on a flat surface. As expected, parallel diffusion is independent of coverage, as shown in
figure 5.

Figure 6 shows thatD⊥ for all the coverages decreases with increase inEBS/kBT ,
causing a decrease in the average perpendicular diffusion coefficients in figure 4(a). As the
coverage increases from zero to 1.0,D⊥ firstly increases and then decreases as shown in
figure 6. We shall discuss this problem in detail below. Whenθ → 0, the result shows that
D⊥ also decreases with increase inEBS/kBT .

4. Results for activation energy calculated from equation (5)

4.1. Coverages of step and terrace rows

Figure 7 shows the row coverageθ versusEBS/kBT for various averageθ . The results
in figure 7 are similar to those in figure 2 of [15] and are also consistent with the results
in figure 3 in this paper. Thus two general facts stand out: firstly the density distribution
for an equilibrium distribution of diffusing adparticles is independent of the MC simulation
method and is also independent of the method for calculating the energy barrier; secondly
the distribution depends only on the binding energy of the surfaces sites.

As expected, the calculated results of the relationships between the average coverage
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Figure 7. Row coverageθ versusEBS/kBT for various averageθ : (a) 〈θ〉 = 0.2; (b) 〈θ〉 = 0.5;
(c) 〈θ〉 = 0.8. All symbols are as in figure 2. The solid lines are calculated from equations (10)
and (11). The activation energyEm is calculated from equation (5).

and θu, θd , θnu and θnd are almost the same as in figure 3. So, in section 4, we shall use
the results in figure 3 directly.

4.2. Chemical diffusion coefficient

The calculated chemical diffusion coefficient and its components versusEBS/kBT are shown
in figure 8. Just like the results in figure 4,D⊥ decreases with increase inEBS/kBT . This
is reasonable because the energy barrier from the down-side to the up-side site increases by
the amountEBS . As mentioned above, with increase inEBS/kBT , the jump of adparticles
from a down-side to an up-side site becomes the control process for perpendicular diffusion.
Comparing our results with those in [15], we find that, for〈θ〉 = 0.8, theirD⊥ increases with
increase inEBS/kBT . It is obviously unreasonable. It seems that, at high coverages their
method will fail because of the assumption of no cross correlation between the velocities
of different adparticles as mentioned above.

It is interesting to note that, except for small〈θ〉, D‖ increases with increase inEBS/kBT

now. As shown in figure 7, by the action of step repulsion, some adparticles still occupy
the up-side rows if〈θ〉 is not very small. We can learn from equation (5) that the activation
barrier for the jump along the up-side row is smaller than that on the flat surface. Then
the up-side rows become the rapid channel for parallel diffusion as discussed in [15]. For
small 〈θ〉, D‖ first increases and then decreases at largeEBS/kBT . We shall discuss this in
detail below.

The experimental results in [25, 26] show that diffusion along step edges may be more
rapid in some cases than on flat terraces. Therefore the results shown in figure 8 are in
good agreement with the experimental results. We think that, when studying the chemical
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Figure 8. Calculated chemical diffusion coefficients (a) D/Dl and (b)–(d) D/Dl (◦ , D⊥;
�, D‖) as functions ofEBS/kBT : (a) average; (b) 〈θ〉 = 0.2; (c) 〈θ〉 = 0.5; (d) 〈θ〉 = 0.8. The
activation energyEm is calculated from equation (5).

diffusion with no adparticle–adparticle interaction stepped surface, using equation (5) to
calculate the activation energy may be more reasonable.

Figures 9 and 10 show the chemical diffusion coefficientsD‖/Dl and D⊥/Dl ,
respectively, as functions of average coverage with differentEBS/kBT . It is evident from
figure 9 thatD‖ increases with increase in coverage. As discussed above, up-side rows
are the rapid channel of parallel diffusion. As shown in figure 3, the coverage in up-side
rows increases with increase in the average coverage, thus increasing parallel diffusion. The
activation barrier along up-side rows decreases with increase inEBS/kBT , making parallel
diffusion stronger, as shown in figure 9 for high average coverage. However, for〈θ〉 = 0.2,
the diffusion is complicated.D‖ first increases slightly and then decreases with increase in
EBS/kBT . As shown in figures 3 and 7, few adparticles still stay in up-side rows for large
EBS/kBT , and are trapped in the down-side rows. The activation barrier along down-side
rows is larger than that on terrace and up-side rows. The depletion of adparticles in up-side
rows caused a decrease inD‖ in this case, as shown in figure 8(b). Whenθ decreases to
zero,D‖ is identical withDl and this is also identical with the result in figure 4.

As for D⊥ shown in figure 10, it is similar to figure 6, except that the decrease in
D⊥ with increasingEBS/kBT is more pronounced in figure 6. As mentioned above, with
the step repulsion and attraction, the jump from a down-side to an up-side row is the
controlling process in perpendicular diffusion. The energy barrier for this jump calculated
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Figure 9. Chemical diffusionD‖/Dl versus coverageθ : curve a,EBS/kBT = 1; curve b,
EBS/kBT = 2; curve c,EBS/kBT = 3; curve d,EBS/kBT = 4. The activation energyEm is
calculated from equation (5).

Figure 10. Chemical diffusionD⊥/Dl versus coverageθ : curve a,EBS/kBT = 1; curve b,
EBS/kBT = 2; curve c,EBS/kBT = 3; curve d,EBS/kBT = 4. The activation energyEm is
calculated from equation (5).

from equation (4) is larger than that from equation (5), causing a more significant decrease
in D⊥ with increase inEBS/kBT in figure 6. At low average coverages, with step attraction
and repulsion, almost all the adparticles are trapped in down-side rows, and the coverage
of up-side rows is near zero. This suppresses the jump in down-side rows, and enhances
the jump from down-side to up-side rows, i.e. enhances perpendicular diffusion. As the
average coverage increases further, the down-side rows become saturated and at the same
time the number of adparticles in the up-side rows starts to increase, blocking the jump
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of adparticles from down-side to up-side rows, i.e. decreasing perpendicular diffusion, as
shown in figures 6 and 10. We think thatθd = 0.9 indicates saturation of down-side rows,
i.e. D⊥ reaches its maximum. The results in figure 3 show that, on increase inEBS/kBT ,
the pointθd = 0.9 moves to a low average coverage. This implies that the maximum ofD⊥
also moves to a low average coverage on increase inEBS/kBT . This is in good agreement
with the results in figures 6 and 10. Certainly, in the limitθ → 0, they are also identical.

5. Summary

In this paper, we have studied chemical diffusion on a stepped surface with step attraction
and repulsion. The present work shows that the density distribution for an equilibrium
distribution of diffusing adparticles is independent of the MC simulation method and also
independent of the method used calculate the energy barrier. The distribution depends
only on the binding energy of the surface site. The chemical diffusion coefficient depends
on the attraction and repulsion energy of steps. Perpendicular diffusion decreases greatly
on increase in step repulsion and attraction at all coverages. Parallel diffusion is both
coverage and step independent in the case of the energy barrier calculated from the harmonic
potential. If the energy barrier is calculated by the saddle-point method, parallel diffusion
is greatly enhanced on increase in step repulsion and attraction at middle or high coverages
but decreases slightly at low coverages. This paper also shows that, when studying the
chemical diffusion on the stepped surface with no adparticle–adparticle interaction, using
equation (5) to calculate the activation energy may be more reasonable.
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